Some aspects of Hermitian Jacobi forms by Das, Soumya
ar
X
iv
:0
91
0.
43
06
v1
  [
ma
th.
NT
]  
22
 O
ct 
20
09
SOME ASPECTS OF HERMITIAN JACOBI FORMS
SOUMYA DAS
Abstrat. We introdue a ertain dierential (heat) operator on the spae of Hermitian Jaobi
forms of degree 1, show it's ommutation with ertain Heke operators and use it to onstrut a
lift of ellipti usp forms to Hermitian Jaobi usp forms. We onstrut Hermitian Jaobi forms as
the image of the tensor produt of two opies of Jaobi forms and also from dierentiation of the
variables. We determine the number of Fourier oeients that determine a Hermitian Jaobi form
and use it to embed a ertain subspae of Hermitian Jaobi forms into a diret sum of modular
forms for the full modular group.
1. Introdution
In the theory of Jaobi forms, one of the use of dierential operators has been to produe new
Jaobi forms from old or to onstrut other lasses of modular forms, eg. ellipti modular forms. In
this paper we introdue a ertain dierential operator Dν , ν ∈ N (Proposition 3.3) on the spae of
Hermitian Jaobi forms of weight k and index m (denoted Jk,m(OK)) of degree 1 for the Hermitian
Jaobi group over the ring of integers of the imaginary quadrati eld Q(i) (see Setion 2) to
onstrut modular forms for SL(2,Z). This is the analogue for the heat operator dened and
studied for lassial Jaobi forms by M. Eihler and D. Zagier in [2℄.
We ompute the Fourier expansion of the adjoint of Dν in Setion 4. The vanishing of J1,m(OK)
for all m is proved in Lemma 4.1. Further, we dene a map from the tensor produt of two opies
of lassial Jaobi forms (denoted Jk,m) to Jk,m(OK) and onstrut Hermitian Jaobi forms from
those of smaller weights and indies using partial derivaties with respet to the variables z1 and
z2.
Also, in analogy with Jaobi forms, Dν ommutes with Vl (l ∈ N) operators in a ertain sense (see
Setion 5). In Setion 6, using the Theta Correspondene between Jk,m(OK) and modular forms on
ongruene subgroups of SL(2,Z), we ompute the number of Fourier oeients that determine
Jk,m(OK) (see Proposition 6.2). Using this, an embedding of a ertain subspae JSpezk,m (OK) (see
Denition 6.2) of Jk,m(OK) into a nite diret sum of spaes of modular forms for SL(2,Z) using
the Dν maps is obtained (following [2℄). An analogous embedding of Jk,m(OK) is desirable, but
one way to do that would be to prove the Hermitian Theta-Wronskian to be nowhere vanishing
on the upper half plane. To the knowledge of the author, unfortunately we do not have this at
present.
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2. Notations and definitions
Let H be the upper half plane. Let K = Q(i) and OK = Z[i] be it's ring of integers. The Jaobi
group over OK is ΓJ(OK) = Γ1(OK)⋉O2K , where Γ1(OK) =
{
ǫM |M ∈ SL(2,Z), ǫ ∈ O×K
}
.
The spae of Hermitian Jaobi forms for ΓJ(OK) of weight k and index m , where k , m are
positive integers, onsists of holomorphi funtions φ on H× C2 satisfying :
φ(τ, z1, z2) = φ|k,mǫM(τ, z1, z2) := ǫ−k(cτ + d)−ke
−2πimcz1z2
cτ+d φ
(
Mτ,
ǫz1
cτ + d
,
ǫ¯z2
cτ + d
)
,(2.1)
ǫ ∈ O×K for all M = ( a bc d ) in SL(2,Z),Mτ =
aτ + b
cτ + b
φ(τ, z1, z2) = φ|k,m[λ, µ] := e2πim(N(λ)τ+λ¯z1+λz2)φ(τ, z1 + λτ + µ, z2 + λ¯τ + µ¯)(2.2)
for all λ, µ in OK ,where N : K → Q is the norm map.
The omplex vetor spae of Hermitian Jaobi forms of weight k and index m is denoted by
Jk,m(OK). Suh a form has a Fourier expansion :
φ(τ, z1, z2) =
∞∑
n=0
∑
r∈O♯K
nm≥N(r)
cφ(n, r)e
2πi(nτ+rz1+r¯z2)
(2.3)
where O♯K = i2OK (the inverse dierent of K|Q).
We say that φ is a Hermitian Jaobi usp form if cφ(n, r) = 0 for nm = N(r). The spae of
Jaobi usp forms is denoted as Jcuspk,m (OK).
Hermitian Jaobi forms have been dened and studied by Klaus Haverkamp in [4℄, [5℄.
We onsider the power series expansion of φ around z1 = z2 = 0 from the Fourier expansion
(2.3) :
φ(τ, z1, z2) =
∑
α≥0,β≥0
χα,β(τ)z
α
1 z
β
2(2.4)
We denote the spae of modular forms of weight k (resp. usp forms of weight k) for SL(2,Z)
by Mk (resp. Sk).
3. A non-holomorphi differential operator on Jk,m(OK)
Denition 3.1. Let φ0 :=
∑
ν≥0
χν,ν(τ) (z1z2)
ν
be the 'diagonal part' of φ ∈ Jk,m(OK) We denote
the vetor spae of 'diagonal parts' arising from Jk,m(OK) by J0k,m(OK) := {φ0 | φ ∈ Jk,m(OK)}.
We dene the operator
Lk,m := 8πim
∂
∂τ
− (2k − 2)
z1
∂
∂z2
− (2k − 2)
z2
∂
∂z1
− 4 ∂
2
∂z1∂z2
Lemma 3.1. Let φ be a holomorphi funtion on H× C2. Then,
Lk,m(φ|k,mM) = (Lk,mφ)|k+2,mM, where M ∈ SL(2,R).(3.1)
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Proof. By diret alulation. 
Lemma 3.2. Consider the power series expansion of φ ∈ Jk,m(OK) as in (2.4). Then the following
are equivalent:
(i) φ|k,mM = φ
(ii) χα,β
(
aτ + b
cτ + d
)
= (cτ + d)k+α+β
∑
α≥ν,β≥ν
1
ν!
(
2πimc
cτ + d
)ν
χα−ν,β−ν(τ)
where M = ( a bc d ) ∈ SL(2,Z).
Proof. φ|k,mM = φ
⇔ (cτ + d)−ke−2πimcz1,z2cτ+d φ
(
aτ + b
cτ + d
,
z1
cτ + d
,
z2
cτ + d
)
= φ
⇔
∑
α≥0,β≥0
χα,β
(
aτ + b
cτ + d
)
zα1 z
β
2 = (cτ + d)
k+α+β
(∑
ν≥0
1
ν!
(
2πimc
cτ + d
)ν
(z1z2)
ν
)(∑
α,β
χα,β(τ)z
α
1 z
β
2
)
⇔ χα,β
(
aτ + b
cτ + d
)
= (cτ + d)k+α+β
∑
α≥ν,β≥ν
1
ν!
(
2πimc
cτ + d
)ν
χα−ν,β−ν(τ)

Remark 3.1. φ0 :=
∑
ν≥0,ν≥0
χν,ν(τ)(z1z2)
ν
satises φ0|k,mM = φ0, for all φ ∈ Jk,m(OK). This
follows from the above Proposition by replaing φ by it's diagonal part φ0 and retraing the proof
from the last line.
We denote the spae of holomorphi funtions on H×C2 satisfying the onditions of Lemma 3.2
(i.e. invariant under the ation of SL(2,Z)) by J0k,m, so J
0
k,m(OK) ⊂ J0k,m from the above Remark.
From the transformation (2.1) we get that χα,β = ǫ
k−α+βχα,β (ǫ ∈ O×K). Hene χα,α 6= 0 only
when k ≡ 0 (mod 4). So from now on we assume k ≡ 0 (mod 4). We dene the non-holomorphi
dierential operators next (for k ≡ 0 (mod 4)), but they an be dened for other ongruene
lasses of k as well. See the Remark 3.3 at the end of this setion.
Denition 3.2. For eah ν ≥ 0, we denote by D˜ν the omposite map :
D˜ν : J
0
k,m
Lk,m−→ · · · Lk+2ν−2,m−→ J0k+2ν,m
Clearly
(
D˜νφ
)
|k+2ν,mM = D˜ν (φ|k,mM) = D˜ν(φ) for all φ ∈ J0k,m and M ∈ SL(2,Z).
Let πk,m : Jk,m(OK) −→ J0k,m be the projetion φ 7→ φ0.
Proposition 3.3. The omposite map Dνφ := D˜ν ◦ πk,mφ (τ, z1, z2) |z1=0,z2=0 denes a linear map
from Jk,m(OK) to Mk for ν = 0 and to Sk+2ν for ν ≥ 1.
Proof. With Denition (2.4) , χ0,0(τ) is a modular form for SL(2,Z). Sine D˜ν are invariant under
the ation of SL(2,Z), we get the proposition. The assertion about usp forms when ν ≥ 1 is
trivial. 
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Proposition 3.4. With the notation of denition (3.2) , we have the expansion :
D˜νφ =
∞∑
α=0
ν∑
µ=0
(−4)ν−µ(8πim)µ
(
ν
µ
)
(α + ν − µ)!
α!
(α + k + 2ν − µ− 2)!
(α + k + 2ν − 2)! χ
(µ)
α+ν−µ,α+ν−µ(τ) (z1z2)
α
where g(ν)(τ) =
(
∂
∂τ
)ν
g(τ).
Proof. The ase ν = 1 is easy to see. The rest is easily heked by indution.

Corollary 3.5. For φ ∈ Jk,m(OK) ,
(3.2) Dνφ = ν!
(
ν∑
µ=0
(−4)ν−µ(8πim)µ (k + 2ν − µ− 2)!
µ! (k + ν − 2)! χ
(µ)
ν−µ,ν−µ(τ)
)
Proof. This follows by onsidering the (0, 0)th oeients in the above Proposition. 
Remark 3.2. Inverting the formula in Corollary 3.5, we get (letting ξν = Dνφ)
(3.3) χν,ν(τ) =
1
ν!4ν
(
ν∑
µ=0
(−1)ν−µ (8πim)µ
(
ν
µ
)
(k + 2ν − 2µ− 1) (k + ν − µ− 2)!
(k + 2ν − µ− 1)! ξ
(µ)
ν−µ(τ)
)
Remark 3.3. We an also dene the Dν maps on the subseries of φ
φn :=
∑
ν≥0
χν+n,ν(τ)(z1z2)
ν
or φn :=
∑
ν≥0
χν,ν+n(τ)(z1z2)
ν
It then follows from Remark 3.1 in the same way as in the ase of φ0 that φn (resp. φ
n
) are
invariant under the ation of SL(2,Z). So we an dene Dν operators on them. The formula for
Dν in this ase is the same as in the ase of φ0 exept that k replaed by k+n and χα,α by χα+n,α
(resp. by χα+n,α). For example, if k ≡ 1, 2, 3 (mod 4), one an dene the Dν operators on φn
(n ≡ 1, 2, 3 (mod 4)) or on φn (resp. n ≡ 3, 2, 1 (mod 4)) and omposing with the projetion from
Jk,m(OK).
4. Constrution of Hermitian Jaobi forms
We need to onsider Jk,m(OK) for k > 1, beause of the following lemma:
Lemma 4.1. J1,m(OK) = 0 for all m ≥ 1.
Proof. The proof is a simple appliation of the orresponding result for lassial Jaobi forms,
proved by N.P. Skoruppa([12℄). Let φ ∈ J1,m(OK).
Dene Uρ : J1,m(OK)→ J1,N(ρ)m(OK), (Uρφ) (τ, z1, z2) = φ(τ, ρz1, ρ¯z2) (ρ ∈ OK)
and π : J1,m(OK)→ J1,m, (πφ) (τ, z) = φ(τ, z, z). Sine J1,m = 0, we have (π ◦ Uρ)φ = 0 for eah
ρ ∈ OK . Hene we get from the power series expansion of φ,∑
χα,βz
α
1 z
β
2
Uρ7−→
∑
χα,βρ
αρ¯βzα1 z
β
2
π7−→
∑
χα,βρ
αρ¯βzα+β = 0
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This learly implies χ0,0 ≡ 0. For eah n ≥ 1 we get the following equation
(4.1)
n∑
α=0
(
ρ
ρ¯
)α
χα,n−α = 0
We hoose {ρ0, ρ1, · · ·ρn} ∈ OK suh that eah ρi ∈ OK\Z and for eah pair (i, j) ∈ {0, 1, · · ·n} with i 6=
j, ρiρ¯j 6= ρj ρ¯i; i.e., ρiρ¯j ∈ OK\Z. (For two sets A,B we have used the notation A\B :=
{x ∈ A | x 6∈ B}.)
We get a system of equations for eah n ≥ 1,
M · Ξn = 0, where Mγ,α =
(
ργ
ρ¯γ
)α
and Ξn = (χα,n−α)0≤α≤n
where M = V
(
ρ0
ρ¯0
, · · · ρn
ρ¯n
)
, is the Vandermonde determinant whih is non-zero with our hoie of
ρi's. Hene Ξn ≡ 0. Sine this happens for every n, we onlude that χα,β ≡ 0 for all α, β and so
φ ≡ 0. 
4.1. Fourier expansion of the adjoint of Dν. Let f ∈ Sk+2ν and (, ) be the Petersson inner
produt on Sk+2ν . Let 〈, 〉 be the Petersson inner produt on Jcuspk,m (OK) and D∗ν : Sk+2ν −→
Jcuspk,m (OK) be the adjoint of Dν with respet to the above inner produts.
Theorem 4.2. With the above notations the Fourier development of D∗νf is given by
D∗νf (τ, z1, z2) =
∞∑
n=0
∑
r∈O♯K
nm≥N(r)
cD∗νf(n, r)e
2πi(nτ+rz1+r¯z2)
where ,
cD∗νf(n, r) =
ν!(−1)ν(4π)2ν−1Γ(k + 2ν − 1)mν−k+3 (nm−N(r))k−2
Γ(k − 2)(k − 1)(ν)
×
∑
λ∈OK
a
(
mN(λ) + rλ+ r¯λ¯+ n, f
)
(
mN(λ) + rλ+ r¯λ¯+ n
)k+ν−1
×
ν∑
j=0
(−1)j(k − 1)(2ν−j)
(ν − j)!2j!
(
N(mλ+ r¯)
m
(
mN(λ) + rλ+ r¯λ¯+ n
)
)ν−j
(4.2)
where f(τ) =
∑∞
n=1 a (n, f) e
2πinτ
.
For the proof we make use of the Hermitian Jaobi Poinaré series. Let n ∈ Z, r ∈ O♯K , and
let ΓJ := ΓJ(OK) and ΓJ∞ :=
{((
1 n
0 1
)
, (0, µ)
)
| n ∈ Z, µ ∈ OK
}
⊂ ΓJ be the stabilizer group
of the funtion en,r := e2πi(nτ+rz1+r¯z2) under the ation of ΓJ . Let P k,mn,r
(
n ∈ Z, r ∈ O♯K
)
be the
(n, r)-th Hermitian Jaobi Poinaré series of weight k > 4 and index m dened by
(4.3) P k,mn,r (τ, z1, z2) =
∑
γ∈ΓJ∞\Γ
J
e (nτ + rz1 + r¯z2) |k,m γ(τ, z1, z2)
Like in the ase of lassial Jaobi forms, we have :
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Lemma 4.3.
〈φ, P k,mn,r 〉 = λk,mn,r cφ(n, r) ∀φ ∈ Jk,m(OK)
where λk,mn,r =
mk−4 Γ(k−2)
(4π)k−3(mn−N(r))k−3
.
Proof. Let dV J = v−4dudvdx1dy1dx2dy2 be the invariant volume element on H × C2 for ΓJ . We
have , by the usual un-folding argument,
〈φ, P k,mn,r 〉 =
∫
ΓJ∞\H×C
2
φ(τ, z1, z2)en,r(τ, z1, z2) e
−πm
v
|z1−z¯2|2vkdV J ,
where τ = u + iv , zi = xj + iyj , j = 1, 2. As a fundamental domain for the ation of Γ
J
∞ on
H× C2 we take
ΓJ∞\H × C2 = {0 ≤ u ≤ 1, 0 < v, 0 ≤ x1 ≤ 1, 0 ≤ y1 ≤ 1}
We make the substitution z¯2 − z1 = z′. Noting that O♯K = i2OK ,
〈φ, P k,mn,r 〉 =
∑
l≥1
∑
s∈O♯K
nm>N(s)
cφ (l, s)
∫
ΓJ∞\H×C
2
e−2πv(l+n)e2πi(l−n)ue4πiRe((s−r)z1)+s¯z¯
′−rz′e
−πm
v
|z′|2vkdV ′
J
=
cφ (n, r)
m
∫ ∞
0
vk−3e−
4πv
m
(mn−N(r))dv
= cφ (n, r)
mk−4 Γ(k − 2)
(4π)k−3 (mn−N(r))k−3 .

Lemma 4.4.
∂α
∂z1α
∂α
∂z2α
(exp(az1 + bz2 + cz1z2)) |z1=z2=0 =
α∑
h=0
(ab)hcα−h
(
α
h
)2
(α− h)!
Proof.
∂α
∂z1α
∂α
∂z2α
(exp(az1 + bz2 + cz1z2)) =
∂α
∂z1α
exp(az1)
∂α
∂z2α
(exp(b+ cz1)z2)
=
∂α
∂z1α
exp(az1) {(b+ cz1)αexp(bz2 + cz1z2)} = exp(bz2) ∂
α
∂z1α
{(b+ cz1)αexp ((a + cz2)z1)}
= exp(bz2)
α∑
h=0
(
α
h
)
α!
(α− h)!c
h(b+ cz1)
α−h(a+ cz2)
α−hexp(az1 + cz1z2),
from whih the lemma easily follows upon hanging h 7→ α− h. 
Proof of Theorem 4.2. Sine the proof is quite similar to that in [13, Theorem 1.1℄, we will only
inlude the results of our omputation. From Lemma (4.3) we an ompute the (n, r)-th Fourier
oeient of D∗νf as
(4.4) 〈D∗νf, Pn,r〉 =
cD∗νf (n, r)m
k−4Γ(k − 2)
(4π)k−2(nm−N(r))k−3 = (f,Dν(Pn,r))
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Next, we ompute Dν(Pn,r) as an innite linear ombination of ellipti Poinaré series (see
equation (4.10)). We start with the denition of Hermitian Poinaré series :
Pn,r(τ, z1, z2) =
∑
λ∈OK
∑
γ∈Γ∞\Γ
(cτ + d)−ke
(
−mcz1z2
cτ + d
+ (mN(λ) + rλ+ r¯λ¯+ n)γτ
+
(mλ¯ + r)z1 + (mλ+ r)z2
cτ + d
)
(4.5)
By Lemma (4.4) with a = 2πi(mλ¯+r)
cτ+d
, b = 2πi(mλ+r¯)
cτ+d
, c = −2πimc
cτ+d
we obtain a formula for χ˜α,α, where the power series expansion of Pn,r is
∑
α,β≥0
χ˜α,β z
α
1 z
β
2 .
χ˜α,α =
α∑
h=0
(2πi)α+h
(h!)2(α− h)!×
×
∑
λ∈OK
∑
γ∈Γ∞\Γ
(−mc)α−h(cτ + d)−(k+h+α)N(mλ+ r¯)he (mN(λ) + rλ+ r¯λ¯+ n)(4.6)
For onveniene of notation, we let T := mN(λ) + rλ+ r¯λ¯+ n.
Put P˜ (τ) =
∑
γ∈Γ∞\Γ
(−mc)α−h(cτ + d)−(k+h+α)e(T ). Then we have the following formula ([13,
p.30℄)
P˜ (µ)(τ) =
µ∑
j=0
(
µ
j
)
(−1)µ−j(2πi)j(k + h + α + j)(µ−j)×
×
∑
γ∈Γ∞\Γ
(cτ + d)−(k+h+α+µ+j)cµ−j(−mc)α−hT je(T ).
(4.7)
where for non-negative integers a, b , a(b) := (a+b−1)!
(b−1)!
.
From equation (4.6) and (4.7) we get the following expression for χ˜α,α :
χ˜α,α =
α∑
h=0
(2πi)α+h
(h!)2(α− h)!
∑
λ∈OK
N(mλ + r¯)h
µ∑
j=0
(
µ
j
)
(−1)µ−j(2πi)j
× (k + h+ α + j)(µ−j)
∑
γ∈Γ∞\Γ
(cτ + d)−(k+h+α+µ+j) cµ−j(−mc)α−h T je(T )
(4.8)
Finally taking α = ν−µ in equation (4.8) we arrive at the following expression for Dν(Pn,r)(τ):
Dν(Pn,r)(τ) =
∑
λ∈OK
∑
γ∈Γ∞\Γ
ν∑
µ=0
ν−µ∑
h=0
µ∑
j=0
(−1)µ+h+j
(
µ
j
)
(2πi)ν+h+j
4νν!
µ!(h!)2(ν − µ− h)!
× (k + h+ ν − µ+ j)(µ−j) (k + 2ν − µ− 2)!
(k + ν − 2)! m
ν−hN(mλ + r¯)h
× (cτ + d)−(k+h+ν+j) cν−h−j T je(T )
(4.9)
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Using the identities as in [13, p.31℄ we get the expansion of Dν(Pn,r)(τ) in terms of the Poinaré
series:
ν∑
j=0
(−1)j(k + 2ν − j − 2)! ν! (4π)2ν
j!(ν − j)!2(k + ν − 2)!
∑
λ∈OK
N(mλ + r¯)ν−j(mT )j P k+2νT (τ)(4.10)
where P k+2νT denotes the T -th Poinaré series of weight k + 2ν for SL(2,Z)
Using Lemma (4.3) and equation (4.4) and the fat that
(
f, P kn
)
= a(n,f)Γ(k−1)
(4πn)k−1
for
f =
∑∞
n=0 a(n, f)q
n ∈ Mk and P kn the n-th Poinaré series of weight k, we get the desired for-
mula (4.2) in Theorem 4.2. 
4.2. Constrution of Hermitian Jaobi forms using lassial Jaobi Forms. In this setion
we dene a map from 2 opies of Jaobi forms to Jaobi forms for the group SL(2,Z) ⋉ OK ,
denoted by J1k,m(OK) (see [9℄); the transformation properties for these Jaobi forms being the
same as in (2.1) and (2.2) exept that we take ǫ = 1. Obviously Jk,m(OK) ⊂ J1k,m(OK). We then
average over the units in OK to get Hermitian Jaobi forms.
Proposition 4.5. Fix k1, k2 ∈ N. Let φj ∈ Jkj ,m, j ∈ {1, 2}. Dene
H (φ1, φ2) (τ, z1, z2) =
∑
ǫ∈O×K
φ1
(
τ,
1
2
(z1 + z2)
)
φ2
(
τ,
i
2
(z1 − z2)
)
|k1+k2 ǫI.
Then H (φ1, φ2) ∈ J1k1+k2,m(OK). If φi are usp forms, then so is H (φ1, φ2) .
Proof. The proof is easy, so we omit it. The assertion about usp forms is easily heked by writing
the Fourier expansion of H (φ1, φ2) from those of φ1 and φ2. 
Corollary 4.6. H is a bilinear map and hene by the above proposition, denes a unique linear
map, whih we still denote by H. Further averaging over the units of OK, i.e., onsidering the
map Λ: J1k,m(OK) → Jk,m(OK) given by φ 7→
∑
ǫ∈O×K
φ |k ǫI we have the following lift to Hermitian
Jaobi forms:
(4.11) Jk1,m ⊗ Jk2,m H−→ J1k1+k2,m(OK)
Λ−→ Jk1+k2,m(OK)
preserving usp forms.
Remark 4.1. If φ1 =
∑
µ (mod 2m)
hµθm,µ(τ, z) ∈ Jk1,m and φ2
∑
µ (mod 2m)
gµθm,µ(τ, z) ∈ Jk2,m be their
Theta deompositions (see [2℄).Then the Theta deomposition (see Setion 6 for denition) of
φ1 ⊗ φ2 ∈ Jk1+k2,m(OK) is given by (learly the onstrution of the Theta deomposition for
J1k1+k2,m(OK) is exatly the same as for Jk1+k2,m(OK))
φ1 ⊗ φ2(τ, z1, z2) =
∑
ǫ∈O×K
ǫ−k1−k2
∑
s∈O♯K/mOK
hRe(s)(τ) gIm(s)(τ) · θHm,ǫs(τ, z1, z2)
This follows easily from the fat that H(θm,µ, θm,ν) = θ
H
m,µ
2
+i ν
2
and that θHm,s |1,m ǫI = ǫ¯θHm,ǫs. It
would be interesting to study this map and to nd how large the image is.
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4.3. Constrution by dierentiation. Finally we onstrut Hermitian Jaobi forms from smaller
weights and indies using dierentiation of the variables z1, z2. This is the analogue of the orre-
sponding onstrution for the lassial Jaobi forms [2, Theorem 9.5℄. For a funtion φ : H×C2 → C
we let φ(j) :=
∂
∂zj
φ for j = 1, 2 and φ(r,s) =
∂2
∂zs∂zr
φ for r, s = 1, 2.
Proposition 4.7. Let φ and ψ be Hermitian Jaobi forms of weights k1 and k2 and index m1 and
m2 respetively. Then
(i) m1φψ(2) −m2ψφ(2) is a Hermitian Jaobi form of weight k1 + k2 + 1 and index m1 +m2.
(ii)
(
m1φψ(1) −m2ψφ(1)
)2
+m1φ
2
(
ψ2(1) − ψψ(1,1)
)
+m2ψ
2
(
φ2(1) − φφ(1,1)
)
is a Hermitian Jaobi form of weight 2(k1 + k2 + 1) and index 2(m1 +m2).
Proof. (i) A meromorphi Hermitian Jaobi form φ of weight k and index 0 is a meromorphi
funtion φ : H× C2 → C satisfying
φ
(
Mτ,
ǫz1
cτ + d
,
ǫ¯z2
cτ + d
)
= ǫk(cτ + d)kφ(τ, z1, z2), ∀ǫ ∈ O×K and
φ(τ, z1 + λτ + µ, z2 + λ¯τ + µ¯) = φ(τ, z1, z2) for all λ, µ in OK
Clearly φ(2) (resp. φ(1,1)) is a meromorphi Hermitian Jaobi form of weight k+1 (resp. k+2) and
index 0 (resp. 0) sine in our ase K = Q(i) the unit group is isomorphi to Z/4Z. Therefore, given
φ ∈ Jk1,m1(OK) and φ ∈ Jk2,m2(OK) we onsider the quotient Φ := φ
m2
ψm1
whih is a meromorphi
Hermitian Jaobi form of weight k1m2 − k2m1 and index 0. Then
Φ(2) =
φm2−1
ψm1+1
(m2ψφ(2) −m1φψ(2))
This proves that m1φψ(2)−m2ψφ(2) is a meromorphi Hermitian Jaobi form of weight k1+ k2+1
and index m1 +m2. Holomorphiity at the usps is easy to see by writing the Fourier expansions
of φ and ψ. In ase k1m2 − k2m1 < 0, we onsider Φ(2) = ψm1φm2 to get the same result.
(ii) We alulate Φ(1,1)
Φ(1,1) =
∂
∂z1
(φm2−1
ψm1+1
(m2ψφ(2) −m1φψ(2))
)
=
φm2−2
ψm1+2
{(
m1φψ(1) −m2ψφ(1)
)2
+m1φ
2
(
ψ2(1) − ψψ(1,1)
)
+m2ψ
2
(
φ2(1) − φφ(1,1)
)}
The same arguments as in the proof of (i) ompletes the proof. 
5. Commutation with Heke Operators
Denition 5.1. For l ∈ N and φ : H× C2 → C let
(5.1) φ|k,mVl(τ, z1, z2) := lk−1
∑
γ∈SL(2,Z)\M(2,Z)
det γ=l
(cτ + d)−ke
(
−mlc z1z2
cτ + d
)
φ
(
γτ,
lz1
cτ + d
,
lz2
cτ + d
)
.
Let φ ∈ Jk,m(OK). Then φ|k,mVl ∈ Jk,ml(OK) (see [5℄, [2℄). We onsider the Fourier development
of the ation of φ|k,mVl in the next Lemma :
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Lemma 5.1.
(5.2) φ|k,mVl(τ, z1, z2) =
∞∑
n=1
∑
t∈O♯K
nm≥N(t)

∑
a|(n,l)
t/a∈O♯
ak−1c
(
nl
a2
,
t
a
) e (nτ + tz1 + t¯z2)
Proof. The proof is standard and so we omit it. 
Proposition 5.2. Let ν ≥ 0, φ ∈ Jk,m(OK), l ∈ N, Vl as in Denition (5.1). Then
(5.3) Dν (φ|k,mVl) = (Dνφ) |k+2νTl
where Tl is the usual Heke operator on ellipti modular forms.
Proof. From the denition ofDν operators in (3.3) it is enough to prove that the following diagrams
are ommutative for all k,m :
J0k,m(OK)
Lk,m−−−→ J0k+2,m(OK)yVl yVl
J0k,ml(OK)
Lk,m−−−→ J0k+2,ml(OK)
,
J0k,m(OK) z1=z2=0−−−−−→ MkyVl yTl
J0k,ml(OK) z1=z2=0−−−−−→ Mk
The rst diagram is ommutative sine Vl maps φ0 (the diagonal part of φ) to
l
k
2
−1
∑
M
(φ0|M)
(
τ,
√
lz1,
√
lz2
)
and Lk,m ommutes with |k,mM (3.1). That the seond diagram is
ommutative follows from (5.1) and the denition of Tl. 
6. Number of Fourier oeffiients that determine φ
We reall the Theta orrespondene between Hermitian Jaobi forms and vetor-valued modular
forms ([4℄,[5℄): Let φ ∈ Jk,m(OK) with Fourier expansion (2.3)
φ =
∞∑
n=0
∑
r∈O♯K
nm≥N(r)
cφ(n, r)e
2πi(nτ+rz1+r¯z2)
It is known ([4℄, [5℄) that cφ(n, r) depends only on r (mod mOK) and D(n, r) = nm−N(r) where
N : K → Q is the normmap, dening cs(L) :=
{
cφ(n, r) if r ≡ s (mod mOK) and L = 4D(n, r)
0 otherwise
where s ∈ O♯K/mOK and L ∈ Z, we an rewrite the Fourier expansion of φ as (Theta deomposi-
tion):
φ(τ, z1, z2) =
∑
s∈O♯K/mOK
hs(τ) · θHm,s(τ, z1, z2), where
hs(τ) :=
∞∑
L=0
N(s)+L/4∈mZ
cs(L)e
2πiLτ
4m
and θHm,s(τ, z1, z2) :=
∑
r≡s(modmOK)
e
(
N(r)
m
τ + rz1 + r¯z2
)
.
(6.1)
Further if we let ΘHm(τ, z1, z2) :=
(
θHm,s(τ, z1, z2)
)
s∈O♯K/mOK
∈ C4m2 , then we have [4, Theorem 2℄:
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Theorem 6.1. For g = (gs)s∈O♯K/mOK
, gs : H → C holomorphi, the following are equivalent :
(i)
tΘHmg ∈ Jk,m(OK)
(ii) ‖ g(τ) ‖ is bounded as Im(τ)→∞ and g|k−1M = Um(M)g
for all M ∈ Γ1(OK) =
{
ǫM |ǫ ∈ O×K ,M ∈ SL(2,Z)
}
where ΘHm|1,mM = Um(M) · ΘHm|1,m is it's funtional equation and Um : Γ1(O) → U(4m2) is a
homomorphism dened by it (U(n) is the group of n× n unitary matries).
Remark 6.1. We have hs ∈Mk−1 (Γ(4m)). This follows from Theorem (6.1)(ii) and the fat that
Γ(4m) ⊂ Ker(Um) (see [4℄,[5℄ for a proof).
Denition 6.1. For a positive integer m, dene
(6.2) κ(k,m) =

4m2(k − 1)
3
∏
p|4m
(
1− 1
p2
)
+
m
2

 ,
[·] being the greatest-integer funtion. Note that κ(k,m) also equals [ ω
m
]
, where
(6.3) ω := [SL(2,Z) : Γ(4m)] · k − 1
48
+
m2
2
.
Let r(n) denote the number of integral solutions of x2+y2 = n. It is well known that r(n) = 4δ(n)
(see [3℄ for instane), where δ(n) =
∑
d|n
(
−4
d
)
,
(
−4
·
)
being the unique primitive Dirihlet harater
modulo 4.
For 4m|l, let R(l) := Rm(l) =
∑
0≤n≤ l
4m
∑
0≤d≤4mn
r(d).
Proposition 6.2. In the Fourier expansion (2.3) of a Hermitian Jaobi form φ, suppose that
cφ(n, r) = 0 for 0 ≤ n ≤ κ(k,m). Then φ ≡ 0; i.e., φ is determined by the rst R(4mκ(k,m))
of it's Fourier oeients.
Proof. The proof will use the Theta deomposition (6.1). By Remark 6.1, only nitely many
oeients determine eah hs. Namely, if the Fourier oeients cs(L) of hs vanish for all
0 ≤ L ≤ κ(k,m), then hs itself vanish (see [11℄ p.120).
Let 1 ≤ L ≤ [SL(2,Z) : Γ(4m)] · k−1
12
, s ∈ O♯K/mOK . From the denition of cs(L) above, cs(L) = 0
unless N(2s) + L ≡ 0 (mod 4mZ). As a set of representatives S of O♯K in O♯K/mOK we take
(6.4) S :
{p
2
+ i
q
2
}
, where (p, q) ∈ [−m,m− 1]× [−m,m− 1]
With the above hoie, note that max
s∈S
(N(s)) = m
2
2
. Therefore, when N(2s) + L = 4mn ∈ 4mZ,
the bound on L implies that 0 ≤ n ≤ κ(k,m). Sine there are ∑
0≤d≤4mn
r(d) oeients cφ(n, r) for
eah n ≥ 0, this proves the proposition. 
Denition 6.2 ([4℄,[5℄). We dene the following subspae of Jk,m(OK) :
JSpezk,m (OK) := {φ ∈ Jk,m(OK)| cφ(n, r) depends only on nm−N(r)}
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Proposition 6.3. Suppose that in the power series deomposition (2.4) of φ ∈ JSpezk,m (OK),
χν,ν = 0 for all 0 ≤ ν ≤ R(4mκ(k,m)). Then φ ≡ 0.
Proof. Sine eah χν,ν is periodi in τ with period 1, (this follows by taking M = ( 1 10 1 ) in the
identity (3.2) ) and is holomorphi on H, it has a unique Fourier expansion
ν!2χν,ν =
∑
n
(∑
r
(−4π2N(r))νc(n, r)
)
e(nτ)
Dene r˜(n) := Card. {0 ≤ d ≤ 4mn, d = }, where d =  means d is a sum of two squares.
Notiing that c(n, r) = c(n, r′) if N(r) = N(r′), we let c(n, d) := c(n, r), if d = N(2r). Also
χ0,0 ≡ 0 implies c(0, 0) = 0. From the hypothesis we get for eah 1 ≤ n ≤ R(4mκ(k,m))
∑
1≤d≤4mn
N(2r)=d
r(d)dνc(n, d) = 0
For a xed n as above, onsidering this equation for 1 ≤ ν ≤ r˜(n) we get a r˜(n)× r˜(n) matrix
M(n) suh that (sine r˜(n) < R(4mκ(k,m))).
M(n) · C(n) = 0, where M(n)ν,d = r(d)dν and C(n) = (c(n, d))1≤d≤4mn,d=
Now detM(n) = c · det V (1, 2, · · · r˜(n)) 6= 0, where c is a non-zero onstant, and for integers
a1, a2, · · · al, V (a1, a2, · · · al) is the Vandermonde determinant whih is non-zero when
ai 6= aj ∀i 6= j. Therefore, C(n) ≡ 0.
Doing this for eah 0 ≤ n ≤ R(4mκ(k,m)), we get c(n, r) = 0, for 0 ≤ n ≤ R(4mκ(k,m)), so
φ ≡ 0 from the previous Proposition. 
Theorem 6.4. The map D : JSpezk,m (OK) −→Mk
⊕
1≤ν≤R(4mκ(k,m))
Sk+2ν
dened by
(6.5) D(φ) = (Dνφ)0≤ν≤R(4mκ(k,m))
is injetive.
Proof. If φ ∈ kerD, by denition of D we have ξν := Dνφ ≡ 0 for all ν as in the Theorem. By
Remark (3.2) we obtain χν,ν ≡ 0 for 0 ≤ ν ≤ R(4mκ(k,m)). Therefore φ ≡ 0 by the previous
Proposition. 
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